We consider the problem of existence of perfect 2-colorings of Hamming graphs with given parameters. We start with conditions on parameters of graphs and colorings that are necessary for their existence. Next we observe constructions of perfect colorings, including some new constructions giving new parameters of colorings. At last, we deduce which parameters of colorings are covered by these constructions and give tables of admissible parameters of 2-colorings in Hamming graphs H(n, q) for small n and q.
Introduction
An equitable k-partition (equitable partition, regular partition, or partition design) of a graph G = (V, E) (in general, a multigraph, i.e., loops and multiedges are allowed) is a partition of the vertex set V into k nonempty cells V 0 , . . . , V k−1 such that every cell induces a regular subgraph and the bipartite graph formed by the edges between any two different cells is biregular. Another equivalent name is perfect k-coloring, which is formally referred to a k-valued functions on V that defines an equitable partition: each cell of the partition is the preimage of some value. Many classes of combinatorial configurations can be defined as perfect colorings with specific parameters (the parameters of the perfect colorings are the degrees of the corresponding regular and biregular subgraphs). Examples of such configurations in distance-regular graphs are 1-perfect codes, t-(v, t + 1, λ)-designs, latin squares and latin hypercubes, MDS codes with distance 2 and 3, transversals in latin squares. Closely related to perfect colorings is the concept of completely regular code, which is defined to be a set C of vertices such that the coloring of the vertices v of the graph by the distance from v to C is a perfect coloring (the original definition of Delsarte [6] is different, but equivalent to the definition given here for distance-regular graphs, see [28] ). In some cases, optimal, by mean of some bound, objects are proven to be in one-to-one correspondence with perfect colorings with special parameters. For example, unbalanced boolean function attending the correlation-immunity bound [7] ; some binary 1-codes attending the linear-programming bound, which are not completely regular, however induce perfect 4-, 5-, or 6-colorings of the hypercube [19] , [21] ; orthogonal arrays attending the Bierbrauer-Friedman bound [3, 10] induce perfect 2-colorings of the Hamming graph [29] , [30] ; binary orthogonal arrays attending the Bierbrauer-Gopalakrishnan-Stinson bound [4] induce perfect 3-colorings of the hypercube [23] . A very nice result of Potapov [30] shows a one-to-one correspondence between the perfect 2-colorings of the Hamming graph H(n, q) and the boolean-valued functions on H(n, q) attending a bound that connects the correlation immunity of the function, the density of ones, and the average 0-1-contact number (the number of neighbors with function value 1 for a given vertex with value 0).
In the current paper, we study perfect 2-colorings of the q-ary Hamming graph H(n, q), mainly focusing on the nonbinary case q > 2 and on constructions that give new parameters of perfect 2-colorings. Parameters of 2-colorings of the binary Hamming graph H(n, 2), the hypercube, were studied in [8, 7, 9, 25] . In [8] , general constructions of perfect 2-colorings of the hypercube were described. In [7] , a bound on the correlation immunity of boolean functions was proved, giving a powerful non-feasibility test for parameters of perfect 2-colorings of the hypercube. In [9] , two special parameter sets of perfect 2-colorings of H(n, 2) were considered; in one case, perfect colorings were constructed, in the other case, the nonexistence was proved. In [25] , among other results, the non-feasibility of an infinite series of parameters of 2-colorings in H(n, 2) was proved. In this paper, we consider generalizations of the constructions from [8] to the non-binary case q > 2 and some new constructons for non-prime q.
The Hamming graphs belong to the class of distance-regular graphs, and we note that perfect colorings of distance-regular graphs attract many attention not only because of connections with many classes of optimal objects, but also because of their algebraic-combinatorial properties, which can be derived from the algebraiccombinatorial properties of the distance-regular graph. Some of these properties establish connections between different kinds of distance distributions of perfect colorings of distance-regular graphs, and especially Hamming graphs [20] , [33] , [17] , [22] , [34] . Besides the Hamming graphs, distance-regular graphs where perfect colorings have been studied include Johnson graphs, see e.g. [1, 11] , Latin-square graphs [2] , halved hypercubes [24] , Grassmann graphs J q (n, 2), see e.g. [27] . As an example of the study of perfect colorings of non-distance-regular graphs yielding interesting and deep results we refer [31] .
We emphasize that all the results of our paper that are applicable to the case q = 2 were proved for this case by Fon-Der-Flaass [8] . Moreover, some binary results (bounds in [8] and [7] , possibility to partition one color into lines in the main construction of [8] , special cases in [9] ) were not generalized or generalized partially. On the other hand, new results for composite q have no analogs in the binary case.
The perfect 2-colorings are equivalent to a special case of completely regular codes, namely, to the completely regular codes of covering radius 1. In its turn, the completely regular codes with arbitrary covering radius ρ are equivalent to a special case of perfect (ρ + 1)-colorings, namely, to the perfect colorings with tridiagonal quotient matrix. In a recent survey [5] on completely regular codes, Borges, Rifà, and Zinoviev mentioned perfect 2-colorings saying that very little is known for q > 2. Since there are more questions than answers in this area, our current work can be considered as a step forward from "very little" to "little".
Let us describe the structure of the paper. In Section 2 we introduce the main concepts related to perfect colorings in Hamming graphs and provide some easy observations.
In Section 3 we observe conditions that are necessary for the existence of perfect colorings with given parameters. Since Hamming graphs are distance-regular, we can specialize for them general results on weight distributions of colors in distance-regular graphs. We also consider some other necessary conditions based on algebraic and arithmetic properties of colorings and distributions of colors in faces of the Hamming graph.
Section 4 is devoted to constructions of perfect colorings. Firstly, we give a series of constructions based on coverings of Hamming graphs. Next, we consider two direct constructions of perfect colorings based on MDS codes and 1-perfect codes. Then, in Subsection 4.3, we describe several more complex constructions of perfect colorings combining some of the previous ones and providing new admissible parameters of perfect colorings.
We summarize results on the admissibility of parameters of perfect colorings in Section 5. In particular, for cases when q is a prime power we find sufficient conditions for the existence of (b, c)-coloring in H(n, q) for n greater or equal some n 0 and estimate the minimum value n 0 for which such colorings exist.
Finally, in Appendix we provide tables with admissibility statuses for parameters of colorings in q-ary ndimensional Hamming graphs for small n and q = 2, 3, 4, and 6.
Notions, definitions, and easy observations
Given n and q, the Hamming graph H(n, q) is the graph with the vertex set Z n q = {x = (x 1 , . . . , x n )|x i ∈ Z q } such that vertices x and y are adjacent if and only if the Hamming distance (the number of different positions) between them is 1. Observe that H(n, q) is a connected n(q − 1)-regular graph. For any vertex x, its (Hamming) weight wt is defined to be the Hamming distance from x to the all-zero vertex 0 n . The binary Hamming graph H(n, 2) is also known as a hypercube, or the n-cube.
For k ∈ {0, . . . , n}, a k-dimensional face, or simply a k-face, is a set of vertices of H(n, q) inducing a graph isomorphic to H(k, q). Faces of dimension 1 are essentially the maximal cliques of the graph H(k, q) and often called lines.
The spectrum of the Hamming graph is the spectrum of its adjacency matrix. It is known that the spectrum of H(n, q) consists of the eigenvalues θ i = n(q − 1) − qi with multiplicity n i (q − 1) i , i = 0, . . . , n. A perfect k-coloring of a graph G is a surjective function f from the vertex set to the set of colors {1, . . . , k} such that each vertex x of color i is adjacent to exactly s i,j vertices of color j. The matrix S = {s i,j } of order k is called the quotient matrix of the perfect coloring f .
Let us have a closer look at parameters of perfect 2-colorings. The quotient matrix of a perfect 2-coloring f is usually written as
The quotient matrix S has two different eigenvalues: the trivial eigenvalue n(q − 1) and the main eigenvalue
Note that for entries of the quotient matrix of a perfect 2-coloring f in H(n, q) it holds a + b = c + d = n(q − 1), so parameters b and c uniquely define the matrix. Thus, we will say that f is a (b, c)-coloring if it has the quotient matrix S as above. Rearranging colors, we may assume that b ≥ c.
It is easy to prove that the number of vertices of the first color in the perfect (b, c)-coloring of H(n, q) is equal to c b+c · q n , and the number of vertices of the second color is b b+c · q n . Reducing factors, we find that the densities of colors in the perfect (b, c)-coloring f are c b+c and b b+c respectively, or, equivalently,
. Later we will see that the parameters b ′ and c ′ not only define a proportion of colors in a perfect (b, c)-coloring but play an important role in the characterization of admissible parameters of colorings.
At the end of this section, we recall one straightforward application of König's theorem, which will be used in one of constructions.
Proposition 1 ([8]
). Let f be a perfect coloring of H(n, 2), and let a be one of the colors. If f −1 (a) is not an independent set, then it can be partitioned into edges (lines).
Necessary conditions on parameters of perfect colorings
We start with one simple algebraic condition on parameters of (b, c)-colorings. It is well known [12, Ch. 5, Lemma 2.2] that the spectrum of the quotient matrix of a perfect coloring in a graph is contained in the graph spectrum. Since all eigenvalues of the Hamming graph H(n, q) have the form θ i = n(q − 1) − qi, where i = 0, . . . , n, and the main eigenvalue of a (b, c)-coloring of H(n, q) is λ = n(q − 1) − (b + c), we have the following. Proposition 2. If there exists a (b, c)-coloring of H(n, q), then b + c = qi for some i ∈ {1, . . . n}. Based on this fact, we deduce the following necessary condition on the quotient matrices of 2-colorings. A special case of this condition was considered in [15] to show the non-existence of some 1-perfect codes over non-prime-power alphabets.
Conditions based on colorings in faces
Proof. By Proposition 3, if k = n − b+c q + 1 then each k-face has the densities of colors equal to the densities in the whole H(n, q). Recall that the colors of f have densities
Since each k-face has an integer number of vertices of each color, we conclude that b ′ + c ′ divides q k = q n− b+c q +1 .
This theorem yields an additional necessary condition on the existence of (b, 1)-colorings.
Proposition 4. Let f be a perfect (b, 1)-coloring of H(n, q). Then b is divisible by q − 1. Moreover, if q = p s for some prime p, then b + 1 = q r for some r ∈ N.
Proof. For a (b, 1)-coloring f , the neighborhood of each vertex of the second color has exactly one vertex of the first color. It follows that each line of H(n, q) contains 0, 1 or q vertices of the first color and q, q − 1 or 0 vertices of the second color. In particular, every line containing a given vertex of the first color has either q − 1 or 0 vertices of the second color. So b is divisible by q − 1.
Let b = m(q − 1) for some m ∈ N. Suppose that q = p s for some prime p. Since b and c = 1 are relatively prime, Theorem 1 implies that b + 1 divides q r for some r ∈ N and b + 1 = p t for some t ∈ N. It is not hard to see that b = p t − 1 is divisible by q − 1 = p s − 1 if and only if t = rs for some r ∈ N. Thus b + 1 = q r .
In hypercubes H(n, 2), there is an additional necessary condition on parameters of (b, c)-colorings. 
More generally, the same bound can be conjectured for any two-valued function, not only for perfect 2-colorings (the conjecture starts with q = 3 because the case q = 2 exactly corresponds to the bound on the correlation immunity proved in [7] ).
Conjecture 2. Let f : {0, . . . , q − 1} n → {0, 1}, q ≥ 3, be a function with B zeros and C ones. Assume that for some k all k-faces have the same number Cq k B+C of ones of f . If B+C gcd(B,C) does not divide q, then k ≥ n q+1 + 1.
Weight distribution theorems and generalizations
To describe the distance invariance of perfect colorings in one of the most general forms, we need the concept of completely regular sets. A set C of vertices of a graph is called completely regular of covering radius ρ if the distance coloring of the graph vertices with respect to C is a perfect (ρ + 1)-coloring. The weight distribution of a k-coloring f with respect to a completely regular set C of covering radius ρ (or simply the weight distribution of f if C = {0 n } in H(n, q)) is the collection of values (W j i ) ρ j=0 k i=1 , where W j i is the number of vertices of color i at distance j from C. A special case of the following theorem is well known as the Shapiro-Zlotnik-Lloyd theorem [32, 26] about the invariance of the weight distribution of perfect codes (the proof is straightforwardly generalized to the general case).
Lemma 2 (see e.g. [20] ). The weight distribution of a k-coloring f with respect to a completely regular set C is completely determined by the quotient matrices of f and C and the values (W 0 i ) k i=1 . The possibility to calculate the weight distribution starting from the initial values provides a necessary condition for the existence of perfect coloring. We do not know examples when this condition rejects some putative quotient matrix of a perfect coloring of Hamming graphs. However, the following two refinements of the weight distribution theorem in special cases do work, at least for perfect colorings of the hypercubes H(n, 2). Lemma 3 (on local weight distributions [33, 34] ). Let f be a perfect k-coloring of H(n, q), let m ∈ {0, . . . , n}, and let W i,j l denote the number of vertices z = (x, y) such that wt(x) = i, wt(y) = j, and f (z) = l, where x ∈ {0, ..., q − 1} m and y ∈ {0, ..., q − 1} n−m . All the values W i,j l , i = 0, ..., m, j = 0, ..., n − m, l = 1, ..., k, are completely determined by the local weight distribution (W i,0 l ) m i=0 k l=1 . In [8, Thms. 2, 3] , Fon-Der-Flaass proved two bounds on the parameters of perfect 2-colorings of H(n, 2), that are based on the connections between the coefficients W i,j l (with i+j ≤ 3). Later, both bounds were majorated by the correlation-immunity bound [7] ; however, this shows that nonexistence of perfect colorings of Hamming graphs can be proved based on Lemma 3, and it is worth to try to derive consequences of this lemma for non-binary cases or for the case of more than two colors.
Finally, the following theorem is applicable for perfect colorings of H(n, 2), but not H(n, q) in general (see counterexamples in [22] ).
Lemma 4 (strong distance invariance of perfect colorings of hypercubes [33] ). Let f be a perfect k-coloring of H(n, 2) such that f (0 n ) = a, and let W k,i,j a,b,c denote the number of pairs x, y of vertices z = (x, y) such that f (x) = b, f (y) = c, wt(x) = i, wt(y) = j, and the distance between i and j is k. The coefficients W k,i,j a,b,c are completely determined by the quotient matrix and the color a of 0 n .
The positiveness of the interweight-distribution coefficients W k,i,j a,b,c is a very strong condition. Empirically (computational results for small n), for perfect 2-colorings, it is as strong as the correlation-immunity bound [7] . If the number of colors is more than 2, then the known variant of the correlation-immunity bound [16] is rather weak to reject real putative quotient matrices, up to our knowledge; at the same time, the interweight-distribution test does work as a strong necessary condition [18] . While the straightforward generalization of the invariance of the interweight distribution fails for perfect colorings of H(n, q), q > 2, in general, finding similar strong multi-parameter invariants in non-binary case is an open research problem.
Constructions of perfect colorings 4.1 Covering-based constructions
In this paragraph, we consider a series of constructions that allow to get perfect colorings of a Hamming graph on the base of perfect colorings of a smaller Hamming graph. All these constructions are based on graph coverings. In order to describe them, it is convenient to present Hamming graphs as Cayley graphs.
Let Γ be a finite group and A ⊂ Γ be a (multi)set of Γ such that A = A −1 . The Cayley (multi)graph Cay(Γ, A) with the connecting set A is a (multi)graph with the vertex set Γ and the edge set {(g, ga)|g ∈ Γ, a ∈ A}.
The Hamming graph H(n, q) is the Cayley graph Cay(Z n q , I(n, q)) with the connecting set I(n, q) consisting of all vertices of weight 1.
A multigraph G = (V, E) is said to cover a multigraph H = (U, W ) if there exists a surjective function ϕ : V → U , called a covering, such that for each v ∈ V the equality {ϕ(u)|(u, v) ∈ E} = {w|(w, ϕ(v)) ∈ W } holds as for multisets. Such a function φ is called a covering. It is straightforward that a covering is a perfect coloring of G with the quotient matrix S equal the adjacency matrix of H.
There are natural coverings of Cayley graphs based on group homomorphisms. Recall that ϕ : Γ → Γ ′ is a homomorphism between groups (Γ, * ) and (Γ ′ , ⋆) if for all g, h ∈ Γ we have ϕ(g * h) = ϕ(g) ⋆ ϕ(h). Theorem 2. Let ϕ : Γ → Γ ′ be a homomorphism between groups Γ and Γ ′ , and let A ⊂ Γ be a multiset such that A = A −1 . Then ϕ is a covering of Cay(Γ ′ , ϕ(A)) by Cay(Γ, A).
Proof. Firstly, we note that A = A −1 implies that ϕ(A) = (ϕ(A)) −1 , so the graph Cay(Γ ′ , ϕ(A)) is well defined.
Let us check that ϕ is a covering. Consider a vertex g of Cay(Γ, A). The multiset of vertices ϕ(h), where g and h are adjacent in Cay(Γ, A), is exactly the multiset ϕ(g · A). The multiset of vertices adjacent to ϕ(g) in Cay(Γ ′ , ϕ(A)) is ϕ(g)ϕ(A). These multisets coincide because ϕ is a group homomorphism.
All constructions of perfect colorings of H(n, q) in this paragraph are based on the following known and straightforward fact.
Lemma 5. Suppose that f is a perfect coloring of a multigraph H with a quotient matrix S. If ϕ is a covering of H by a multigraph G, then ϕ • f is a perfect coloring of G with the quotient matrix S.
Given a multigraph G and t ∈ N, we denote by G + tI the multigraph obtained from G by adding t loops to each vertex of G. (We make agreement that each loop contributes 1 to the degree of the corresponding vertex.) If G is a Cayley multigraph Cay(Γ, A), then the multigraph G + tI can be presented as Cay(Γ, A ∪ {t × 0 n }), where t × 0 n is the identity element 0 n of Γ with multiplicity t.
The definitions of a perfect coloring and G + tI imply the following.
Lemma 6. If f is a perfect coloring of a multigraph G with the quotient matrix S, then f is a perfect coloring of the multigraph G + tI with the quotient matrix S + tI.
Let us consider now a series of graphs and multigraphs that can be covered by Hamming graphs.
Proposition 5. The Hamming graph H(n + t, q) covers the multigraph H(n, q) + t(q − 1)I.
Proof. Let us consider the group homomorphism ϕ : Z n+t q → Z n q defined by the equation
It is straightforward to see the following: if I(n + t, q) is the set of all elements of Z n+t q at distance 1 from the identity element, then the multiset B := ϕ(I(n + t, q)) is equal to
Given a multigraph G, let tG be the multigraph where every edge of G has the multiplicity t times larger than in G. If G = Cay(Γ, A), then tG can be presented as Cay(Γ, tA), where tA is the multiset obtained from A by multiplying all multiplicities by t. The definitions of a perfect coloring and tG imply the following.
Lemma 7. If f is a perfect coloring of a multigraph G with the quotient matrix S, then f is a perfect coloring of tG with the quotient matrix tS. Proposition 6. The Hamming graph H(tn, q) covers tH(n, q).
Proof. Let us consider the group homomorphism ϕ :
where * is an arbitrary loop operation on Z q with identity 0 (i.e., 0 * 0 = 0). It is straightforward to see that if I(tn, q) is the set of all elements of Z tn q at distance 1 from the identity element, then B := ϕ(I(tn, q)) is equal to tI(n, q). Since Cay(Z n q , B) is exactly the multigraph tH(n, q), Theorem 2 implies that ϕ is a covering of tH(n, q) by H(tn, q). Proposition 7. The Hamming graph H(n, pq) covers pH(n, q) + n(p − 1)I.
It is straightforward to see that if I(n, pq) is the set of all elements of Z n pq at distance 1 from the identity element, then the multiset B := ϕ(I(n, pq)) is equal to pI(n, q)∪{n(p−1)×0 n }. Since Cay(Z n q , B) is exactly the multigraph pH(n, q) + n(p − 1)I, Theorem 2 implies that ϕ is a covering of pH(n, q) + n(p − 1)I by H(n, pq).
Remark. There are many other ways to choose homomorphisms ϕ in proofs of Propositions 5, 6 and 7. For instance, it can be checked that if g 1 , . . . , g n are arbitrary t-ary loops of order q such that g i (0, . . . , 0) = 0 for all i then the operation ϕ(x 1 , . . . , x tn ) = (g 1 (x 1 , . . . , x t ), . . . , g n (x t(n−1)+1 , . . . , x tn ))
is a group homomorphism with properties required in Propositions 6. Using Propositions 5-7, Lemmas 5, 6, and 7, we obtain the following constructions of perfect colorings in Hamming graphs. Theorem 3 ([5, Prop. 33(ii)] 1 ). For every perfect coloring of the Hamming graph H(n, q) with a quotient matrix S and every t in N, there exists a perfect coloring of H(n + t, q) with the quotient matrix S + t(q − 1)I. In particular, if there is a perfect (b, c)-coloring of H(n, q), then there is a perfect (b, c)-coloring of H(n + t, q), t = 1, 2, . . .. Theorem 4 ([5, Prop. 33(ii)]). For every perfect coloring of H(n, q) with a quotient matrix S and every positive integer t, there exists a perfect coloring of H(tn, q) with the quotient matrix tS. In particular, if there is a perfect (b, c)-coloring of H(n, q), then there is a perfect (tb, tc)-coloring of H(tn, q), t = 1, 2, . . ..
Theorem 5. For every perfect coloring of H(n, q) with a quotient matrix S and every positive integer p, there exists a perfect coloring of H(n, pq) with the quotient matrix pS + n(p − 1)I. In particular, if there is a perfect (b, c)-coloring of H(n, q), then there is a perfect (pb, pc)-coloring of H(n, pq), p = 1, 2, . . ..
MDS codes, 1-perfect codes, and the invasion construction
Under a code in the Hamming graph H(n, q), we mean an arbitrary nonempty subset of the vertex set of H(n, q). To each code in H(n, q) we assign a 2-coloring in which the set of vertices of the first color coincides with the code. Also we often identify codes with the corresponding 2-colorings.
An MDS code with distance d is a set of q n−d+1 vertices in H(n, q) such that the Hamming distance between any two different code vertices is not less than d. Equivalently, a distance-d MDS code has exactly one element in every (d − 1)-face.
The definition implies that every distance-2 MDS code in H(n, q) is exactly a (n(q − 1), n)-coloring. With the help of Theorem 4, distance-2 MDS codes in H(n, q) can be constructed from a (q − 1, 1)-coloring of the complete graph H(1, q).
A t-fold MDS code in H(n, q) is a code that has exactly t elements in every 1-face (line). Some t-fold MDS codes can be obtained as the union of t disjoint copies of distance-2 MDS codes. Any t-fold MDS code corresponds to a (n(q − t), nt)-coloring of H(n, q); by Theorem 4, colorings with such parameters can be constructed from a (q − t, t)-coloring of the complete graph H(1, q).
Perfect colorings corresponding to distance-2 MDS codes and multifold MDS codes have the main eigenvalue λ = −n, which is the smallest eigenvalue of H(n, q).
A 1-perfect code in H(n, q) is a set of vertices such that each radius-1 ball B(x) = {y|ρ(x, y) ≤ 1} contains exactly one code vertex. The minimal Hamming distance between different vertices of a nontrivial (with more than 1 vertex) 1-perfect code is equal to 3.
It is well known that 1-perfect codes exist in H(n, q) if q = p s for some prime p and n = q r −1 q−1 for some r ∈ N (e.g. q-ary Hamming codes). If q is not a prime power, then the existence of 1-perfect codes in H(n, q) is a long-standing open problem. The definition implies that every 1-perfect code in H(n, q) is a (n(q − 1), 1)-coloring.
A t-fold 1-perfect code in H(n, q) is a set of vertices such that each radius-1 ball contains exactly t code vertices. Some t-fold 1-perfect codes can be obtained as the union of t disjoint copies of 1-perfect codes. t-Fold 1-perfect codes correspond to (n(q − 1) − t + 1, t)-colorings of H(n, q); they exist if (but not necessarily "only if") 1-perfect codes exist. The main eigenvalue of 1-perfect codes and multifold 1-perfect codes is −1.
For the future, we establish the following correspondence between 1-perfect codes in the Hamming graph H(q + 1, q) and certain MDS codes in H(q, q). Proposition 8. If there exists a 1-perfect code in H(q + 1, q), then there exists a partition of the vertex set of H(q, q) into distance-2 MDS codes M 0 , . . . , M q−1 such that each M i can be decomposed into the union of q disjoint distance-3 MDS codes.
Proof. Let C be a 1-perfect code (equivalently, a distance-3 MDS code) in H(q + 1, q), and let C j be the subset of C consisting of all codewords with last symbol j, j = 0, . . . , q − 1. Denote by M , L 0 , . . . , L q−1 the lastcoordinate projections of C, C 0 , . . . , C q−1 , respectively. By the definition, M is a distance-2 MDS code, and L j , j = 0, . . . , q − 1, are distance-3 MDS codes; moreover, M = ∪ j L j . It follows that the codes M i = M + (i, 0, ..., 0), i = 0, . . . , q − 1, form a required partition.
At last, we give one more construction of perfect 2-colorings in Hamming graphs on the base on a set of 2-colorings and a perfect coloring into an arbitrary number of colors. We will use this construction in our future results.
Let f be a k-coloring of H(n, q) and let g 1 , . . . , g k be 2-colorings of H(m, q). Define the invasion h = f × (g 1 , . . . , g k ) of the coloring f by colorings g 1 , . . . , g k to be a 2-coloring of H(n + m, q) such that
Roughly speaking, the invasion coloring h of H(n + m, q) is obtained by replacing each vertex of color i in the coloring f of H(n, q) by the graph H(m, q) colored into the coloring g i .
Assume that M 1 , . . . , M q is a partition of the vertex set of H(m, q) into q pairwise disjoint distance-2 MDS codes. Given t, 0 ≤ t ≤ q, define G i t to be the coloring corresponding to the t-fold MDS code i+t−1 j=i M j (index j goes cyclically modulo q) in H(m, q) if m ≥ 1. In the case m = 0, let G i t be the coloring of a vertex into the first color if 1 ≤ i ≤ t, and the coloring of a vertex into the second color if t + 1 ≤ i ≤ q. Proposition 9. 1. Let f be a perfect (q + 1)-coloring of H(n, q) with the quotient matrix
If m = γ − α ≥ 0 then for each t = 1, . . . , q the invasions h l = f × (G 1 t , . . . , G q t , l), where l = 1, 2 and l is the solid coloring of H(m, q) into the color l, are (b l , c l )-colorings of H(n + m, q) with b l = γ(q − t) + β(l − 1) and c l = γt + β(2 − l).
2. Let f be a perfect 2q-coloring of H(n, q) with the quotient matrix
Proof. 1. By the construction, the invasion h l = f × (g 1 , . . . , g k ) is a coloring of H(n + m, q) into colors 1 and 2. Each vertex z ∈ H(n + m, q) is considered as an ordered pair of vertices (x, y), where x is a vertex of H(n, q) and y is a vertex of H(m, q). Therefore, the number of vertices of color 1 (color 2) in the coloring h l adjacent to the vertex z = (x, y) is equal to the number of vertices of color 1 (color 2) adjacent to y in the coloring G f (x) t or in the coloring l plus the number of color-1 (color-2) vertices h(x ′ , y), where x ′ runs over all the neighbors of x.
We recall that for each i = 1, . . . , q, the coloring G i t is a (m(q − t), mt)-coloring of H(m, q). Suppose that h l (z) = 1, z = (x, y). If 1 ≤ f (x) ≤ q, then the number of vertices of h −1 l (2) adjacent to z is m(q − t) + α(q − t) + β(l − 1). In the case f (x) = q + 1, the number of the vertices of h −1 1 (2) adjacent to z is equal to γ(q − t). The condition m = γ − α implies that the equality m(q − 1) + α(q − 1) = γ(q − t) holds for the coloring h 1 .
Suppose now that h l (z) = 2, z = (x, y). If 1 ≤ f (x) ≤ q, then the number of the vertices of h −1 l (1) adjacent to z is equal to mt + αt + β(2 − l). In the case f (x) = q + 1, the number of the vertices of h −1 2 (1) adjacent to z in the coloring h 2 is equal to γt. Again, the condition m = γ − α implies that the equality mt + αt = γt holds for the coloring h 2 .
Thus, the invasions h l are perfect (b l , c l )-colorings of H(n+m, q) with b l = γ(q−t)+β(l−1) and c l = γt+β(2−l). 2. As before, let z = (x, y) be a vertex of H(n + m, q).
Now suppose h(z) = 2. If 1 ≤ f (x) ≤ q then the number of neighbors of z in h −1 l (1) is equal to mt 1 + αt 1 + βt 2 . In the case q + 1 ≤ f (x) ≤ 2q + 1, the number of color-1 vertices adjacent to z is equal to mt 2 + γt 1 + δt 2 . Again, the condition m = γ − α = β − δ implies that the equality mt 1 + αt 1 + βt 2 = mt 2 + γt 1 + δt 2 holds for all t 1 and t 2 .
Thus, the invasion h is a perfect (b, c)-coloring of H(n+m, q) with b = γ(q−t 1 )+β(q−t 2 ) and c = γt 1 +βt 2 .
Splitting construction I
In this and next sections, we provide constructions that allow to obtain perfect 2-colorings with new proportions of colors. We call them splitting constructions. The idea of the first construction is to start with multiplying the parameters of a 2-coloring by a factor q, as in Theorem 4; after this, with the help of 1-perfect code in H(q, q + 1), one of the colors (say, the second one) is split into q "equivalent" colors; and finally, after some intermediate step,
t of these colors are unified with the first one, while the remaining q − t colors form the new second color. So, the ratio of the colors changes as follows:
The construction generalizes the main construction in [8] from the case q = 2 to the case of an arbitrary q such that there exists a 1-perfect code in H(q + 1, q). We divide the proof into several lemmas. Firstly, for certain q and for every perfect (b, c)-coloring of H(n, q), we construct an appropriate perfect 2q-coloring.
Lemma 8. Let f be a perfect coloring in H(n, q) with the quotient matrix a b c d . If there exists a 1-perfect code in H(q + 1, q), then there exists a perfect 2q-coloring g of H(qn, q) with the quotient matrix
Proof. The main idea of the construction is to split, in a right way, each color of a 2-coloring of H(qn, q) obtained from Theorem 4 into q colors. Let M 1 , . . . , M q be a partition of the vertex set of H(q, q) into q distance-2 MDS codes such that each M i is partitioned into distance-3 MDS codes L i 1 , . . . , L i q . The existence of such decomposition, provided a 1-perfect code in H(q + 1, q), is guaranteed by Proposition 8.
Define a q-ary quasigroup h of order q on the vertex set of H(q, q) as h(x 1 , . . . , x q ) = i if and only if the vertex (x 1 , . . . , x q ) belongs to M i .
Recall that every vertex y = (y 1 , . . . , y qn ) of H(qn, q) can be considered as a tuple y = (y 1 , . . . , y n ) of n vertices y i = (y (i−1)q+1 , . . . , y iq ) of H(q, q). For shortness, let X y = (x 1 , . . . , x n ) be a vertex of H(n, q) with x i = h(y i ) and J y = (j 1 , . . . , j n ) be a vertex of H(n, q) such that j i is defined by the index of the distance-3 MDS code containing the vertex y i :
. For an arbitrary n-ary quasigroup R of order q on the vertex set of H(n, q), we define a coloring g of H(qn, q) as g(y) = q(f (X y ) − 1) + R(J y ).
So g is a 2q-coloring of H(qn, q) into colors {1, . . . , q, q + 1, . . . , 2q}. Let us prove that g is a perfect coloring with the quotient matrix T . Let Z i α be a set of vertices z adjacent to y such that z differs from y in some component of y i from H(q, q) with α = h(z i ) = h(y i ). Given a vertex y with f (X y ) = 1, there are exactly a sets Z i α such that for all z ∈ Z i α we have f (X z ) = 1 and b sets Z i α with f (X z ) = 2 for all z ∈ Z i α . Similarly, if f (X y ) = 2 then we have c sets Z i α such that for all z ∈ Z i α it holds f (X z ) = 1 and d sets Z i α with f (X z ) = 2 for all z ∈ Z i α . Note that for each i and α the cardinality of the set Z i α is equal to q and all these q vertices z are colored by g into q different colors. Indeed, their components z i belong to different distance-3 MDS codes L α ji (otherwise we have a contradiction with the minimal distance in L α ji ), and all other components z k of z ∈ Z i α coincide and belong to the same codes L h(z k ) j k . Since the quasigroup R takes all different values on the set of q vectors J z different in one position, vertices z ∈ Z i α are colored by g into all q possible colors. Therefore, each vertex y with g(y) ∈ {1, . . . , q} is adjacent to exactly a vertices of each of the colors 1, . . . , q and is adjacent to b vertices of each of the colors q + 1, . . . , 2q in the coloring g. The same is true for vertices y of colors g(y) ∈ {q + 1, . . . , 2q}.
In case when one of the colors of a perfect 2-coloring f can be divided into k-dimensional faces, the similar method allows to construct the following perfect (q + 1)-colorings.
Lemma 9. Let f be a perfect coloring in H(n, q) with the quotient matrix a b c d such that the set of vertices of the first color can be partitioned into k-faces. If there exists a 1-perfect code in H(q + 1, q), then there exist perfect colorings g ′ and g ′′ in q + 1 colors in H(qn, q) with the quotient matrices
Proof. In the proof of this lemma, we use the same notations as in Lemma 8. In addition, if a vertex x of H(n, q) is colored with the first color in the coloring f , then let I x = {i 1 , . . . , i k } be the set of k free directions in the k-dimensional face Γ containing the vertex x in the demanded decomposition of this color into faces. We will say that I x is the set of special directions for the vertex x.
For an arbitrary n-ary quasigroup R ′ of order q on vertices of H(n, q), define a coloring g ′ of H(qn, q) as g ′ (y) = g ′ (y 1 , . . . , y n ) = R ′ (j 1 , . . . , j n ) if f (X y ) = 1, where j i = h(y i ) for i ∈ I Xy and y i ∈ L h(y i ) ji otherwise; q + 1 if f (X y ) = 2, and for a (n − k)-ary quasigroup R ′′ of order q define a coloring g ′′ of H(qn, q) as
Let us prove that g ′ and g ′′ are perfect (q + 1)-colorings with the quotient matrices T ′ and T ′′ respectively.
As before, let Z i α be a set of q vertices z adjacent to y such that z differs from y in some component of y i from H(q, q) with α = h(z i ) = h(y i ).
1. We firstly prove that g ′ is a perfect coloring. Assume that a vertex y is colored into one of the colors {1, . . . , q} by the coloring g ′ . Acting similar to the proof of Lemma 8, we see that all q vertices z from the set Z i α with i / ∈ I Xy and f (X z ) = 1 are colored into all different colors. By definitions, all qb vertices z from sets Z i α with f (X z ) = 2 are different from y in components y i , where i is not a special direction (i / ∈ I Xy ), so all these vertices are colored into color q + 1 in the coloring g ′ . Consider the set of vertices Z i α adjacent to the vertex y along a special direction i ∈ I Xy . By definition of the coloring g ′ , all q vertices z from Z i α are colored into one color that is different from the color of the vertex y. Moreover, while α runs over all q − 1 values different from h(y i ), the colors of the vertices in sets Z i α run over all q − 1 colors different from the color of y.
The above reasoning implies that in the coloring g ′ every vertex y of a color from the set {1, . . . , q} is adjacent to a − k(q − 1) vertices of the same color, to qb vertices of the color q + 1 and to a + k vertices of each of the remaining colors.
If the vertex y is colored into the color q + 1 by g ′ then all vertices z from sets Z i α are either colored into the color q + 1 (when f (X z ) = 2) or colored into all q colors {1, . . . , q} (when f (X z ) = 1), that gives us the required parameters.
2. Let us prove that g ′′ is a perfect coloring. The coloring g ′′ is different from g ′ only in neighborhoods along special directions i ∈ I Xy of vertices y for which f (X y ) = 1. In that case, all q vertices z from the sets Z i α are colored into the same color as the vertex y. It implies that in the coloring g ′′ every vertex y of a color from the set {1, . . . , q} is adjacent to a + k(q − 1) 2 vertices of the same color, to qb vertices of the color q + 1 and to a − k(q − 1) vertices of each of the remaining colors.
If the vertex y is colored into the color q + 1 by the coloring g ′′ , then we have the same coloring of its neighborhood as for the coloring g ′ . Now we are ready to prove the main constructions. We start with a construction working for perfect colorings with the non-positive main eigenvalue. Theorem 6. Assume that there is a 1-perfect code in H(q + 1, q). If f is a (b, c)-coloring in H(n, q) with the main eigenvalue λ ≤ 0, then for all t 1 , t 2 = 1, . . . , q there exist a (q(b + c) − (ct 1 + bt 2 ), ct 1 + bt 2 )-coloring in H(qn − λ, q) with the same main eigenvalue λ.
Proof. Since there is a 1-perfect code in H(q + 1, q), by Lemma 8 there is a perfect (q + 1)-coloring g in the Hamming graph H(qn, q) with the quotient matrix
By the hypothesis of the theorem, we have m ≥ 0. With the help of Proposition 9(2), we obtain that for each t 1 , t 2 = 0, . . . , q there exists a (b,c)-coloring F of H(n + m, q) withb = q(b + c) − ct 1 − bt 2 andc = ct 1 + bt 2 .
The main eigenvalue of the perfect coloring F is
The next theorem is a more general variant of the construction above, applicable when the first color of a perfect coloring f can be divided into k-dimensional faces. If k > 0 (k = 0 corresponds to the previous theorem), starting from a perfect coloring with the negative main eigenvalue, it allows to get a perfect coloring with a smaller eigenvalue.
Theorem 7. Assume that there is a 1-perfect code in H(q + 1, q). Let f be a (b, c)-coloring of H(n, q) with the main eigenvalue λ. If the vertex set of the first color of f can be partitioned into k-faces, then the following holds:
1. If λ + k ≤ 0, then for all t = 1, . . . , q there is a (q(b + c) − tc, tc)-coloring of H(qn − λ − k, q) (with the main eigenvalue λ − k(q − 1)).
2. If λ ≤ k(q − 1), then for all t = 1, . . . , q there is a (q(b + c) − tc, tc)-coloring of H(qn − λ + k(q − 1), q) with the main eigenvalue λ + k(q − 1) 2 ).
Proof. 1. Since there is a 1-perfect code in H(q + 1, q), by Lemma 9 there is a perfect (q + 1)-coloring g ′ in H(qn, q) with the quotient matrix
With the help of Proposition 9(1), we obtain that for each t = 0, . . . , q there exists a (b,c)-coloring F of H(n + m, q) withb = q(b + c) − ct andc = ct.
2. Since there is a 1-perfect code in H(q + 1, q), by Lemma 9 there exists a perfect (q + 1)-coloring g ′′ of H(qn, q) with the quotient matrix
Let m be c − a + k(q − 1) = −λ + k(q − 1) ≥ 0. With the help of Proposition 9(1), we obtain that for each t = 0, . . . , q there exists a (b,c)-coloring F of H(n + m, q) withb = q(b + c) − ct andc = ct.
The main eigenvalue of F is
Splitting construction II
We conclude this section with one more splitting construction based on the covering of the graph pH(n, q) + n(p − 1)I by H(n, pq).
Theorem 8. Let f be a (q 2 − 1, 1)-coloring of H(q + 1, q) corresponding to a 1-perfect code such that the vertex set of the second (non-code) color can be partitioned into lines. Then for every p ∈ N and for each t, 1 ≤ t ≤ p there exists a ((q 2 − 1)(p − t), (q 2 − 1)t + p)-coloring of H(q + 1, pq) (with the main eigenvalue q(p − 1) − 1).
Proof. For a vertex x ∈ f −1 (2) ⊂ Z q+1 q , let i x denote the direction of the line containing this vertex in the demanded partition. We will say that i x is the special direction for the vertex x. For a vertex y of H(q + 1, pq), we denote by X y the vertex of H(q + 1, q) defined as X y ≡ y mod q entrywise, and by X ′ y , the vertex of H(q + 1, p) equal to (⌈ y1 q ⌉, . . . , ⌈ yq+1 q ⌉).
Let g be a (q(p − t), qt)-perfect coloring in H(q, p) corresponding to a t-fold MDS code in this graph. Define a coloring h in H(q + 1, pq) as follows
where (x ′ 1 , . . . , x ′ q+1 ) = X ′ y . Let us show that the coloring h is a perfect coloring of H(q + 1, pq) with demanded parameters.
1. Let y be a vertex of H(q + 1, pq) colored by h into the first color. Let us count the number of 2-colored vertices z adjacent to y. Denote Z α i to be the set of p vertices adjacent to y such that z i ≡ α ≡ y i mod q. Assume that f (X y ) = 1. Note that there are no adjacent vertices z colored by h into second color such that f (X z ) = 1. Note that for each vertex y there are exactly q 2 − 1 sets Z α i and, because i is not a special direction for all X z , z ∈ Z α i , each set Z α i contains exactly t vertices colored by h into the first color and p − t vertices colored into the second color. So each such vertex y is adjacent to (q 2 − 1)(p − t) vertices of the second color.
Suppose now that f (X y ) = 2. By the definition of the coloring h, there are q(p − t) vertices z adjacent to y such that y i ≡ z i mod q for all i and h(z) = 2. As before, for each vertex y there are exactly q 2 − 1 sets Z α i . If i = i Xy is a special direction for the vertex X y in H(q + 1, q), then for all α ≡ y i mod q all vertices z from the sets Z α i are colored into the first color by h. On the other hand, if i = i Xy then each of q 2 − q − 1 sets Z α i with f (X z ) = 2 contains exactly t vertices z such that h(z) = 1 and p − t vertices z for which h(z) = 2. The remaining set Z α i with z such that f (X z ) = 1 contains only vertices colored into the first color by h. Summing up, each such vertex y with h(y) = 1 is adjacent to (q 2 − 1)(p − t) vertices of the second color in the coloring h.
2. Let y be a vertex of H(q + 1, pq) colored by h into the second color and let us count the number of vertices z adjacent to y and colored to the first color. Note that for all such vertices y we have f (X y ) = 2.
By the definition of the coloring h, there are qt vertices z adjacent to y such that y i ≡ z i mod q for all i and h(z) = 1. Consider the sets Z α i of vertices z adjacent to y such that z i ≡ α ≡ y i mod q. If i = i Xy is the special direction for the vertex X y in H(q + 1, q), then for all α ≡ y i mod q all vertices z from the sets Z α i are colored into the second color by h. On the other hand, if i = i Xy , then each of q 2 − q − 1 sets Z α i with f (X z ) = 2 contains exactly t vertices z such that h(z) = 1 and p − t vertices z for which h(z) = 2. As before, the remaining set Z α i with z satisfying f (X z ) = 1 contains only vertices colored by h into the first color. Summing up, each vertex y with h(y) = 2 is adjacent to (q 2 − 1)t + p vertices of the first color in the coloring h.
The main eigenvalue of h isλ = (q + 1)(pq − 1) − q 2 p = q(p − 1) − 1.
Let us say few words on parameters for which the above constructions are applicable. By Proposition 1, we can use the construction from Theorem 7(1) for all (b, c)-colorings in H(n, 2) with the non-positive main eigenvalue. Theorem 7(2) can be used for constructing perfect colorings from colorings given after the application of Theorem 8, because this theorem gives colorings with large main eigenvalue and such that one of their colors can be split into faces.
As is stated in Proposition 1, the second color of a (3, 1)-coloring of H(3, 2) can be partitioned into edges (1-faces, lines).
The second color of a (8, 1)-coloring (the complement of a 1-perfect code) in H(4, 3) can be partitioned into lines. It is straightforward to verify that all such partitions are equivalent to the following .
•
Here dotes states for code vertices of a 1-perfect code and other symbols are used to show directions of 1dimensional faces containing the vertex. Therefore, Theorem 8 is applicable for q = 2 or q = 3 and gives us the following perfect colorings. 2. For each p ∈ N and t = 0, . . . , p there exists a perfect (8p − 8t, p + 8t)-coloring of H(4, 3p) (with the main eigenvalue λ = 3p − 4).
For cases q ≥ 4 we need to answer the following question. Firstly, we note that Theorem 3 implies the following alternative for the existence of perfect (b, c)-colorings in Hamming graphs. We call parameters q, b and c satisfying the second alternative admissible, and we will say that n 0 = n 0 (b, c; q) is the threshold.
On the base of above theorems and some computation results, we put forward the following conjecture. Necessity of this condition is established in Theorem 1 (by Proposition 4, it is not sufficient if c = 1). Combining together the above constructions of perfect 2-colorings, we confirm Conjecture 3 for some cases and provide some bounds on the threshold n 0 . We start with some sufficient conditions on admissible parameters (b, c) when q is a prime power.
Theorem 9. Let q = p s be a power of prime p. Assume that b+c gcd(b,c) = q k for some k ∈ N. Then the parameters (b, c) are admissible. Moreover, the threshold n 0 = n 0 (b, c; q) satisfies the inequalities
Proof. 
Let us prove the lower bound on the threshold n 0 . Since for every (b, c)-coloring in H(n, q) the parameter b is not greater than the degree n(q − 1) of the graph H(n, q), we have n 0 ≥ b q−1 . By Theorem 1, if there exists a (b, c)-coloring in H(n, q), then q k divides q n−mq k−1 +1 . Since q is a prime power, we get the inequality n 0 ≥ mq k−1 + k − 1.
As a direct corollary, we have that Conjecture 3 holds for the case of prime q. 2. If b ′ + c ′ = q k for some k ∈ N then the threshold parameter n 0 for existence of (b, c)-colorings satisfies the inequalities
Proof. It is only sufficient to note that in case of prime q the sufficient condition from Theorem 1 (b ′ + c ′ divides some power of q) is equivalent to that b ′ + c ′ is a power of q. It only remains to use Theorem 9.
In certain cases, we can give the exact value of the threshold n 0 :
Let q be a prime. (2)).
! or ! cases of existence or non-existence of colorings that are not covered by the main results of this paper. Relevant references are given after the tables. Special cases of admissibility of (b, c)-colorings in H(n, q) q = 2: (9, 7)-coloring in H(12, 2) + : existence is proved in [9] . (11, 5)-coloring in H(12, 2) -: nonexistence is proved in [9] . q = 3: (14, 4)-coloring in H(7, 3) -: if such a coloring exists then each 5-dimensional face of H(7, 3) contains an orthogonal array A with certain parameters. Nonexistence of such array A follows from [14] . q = 6: (35, 1)-coloring in H(7, 6) -: there are no 1-perfect codes in H(7, 6) [13] .
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